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ON THE IRREDUCIBLE FACTORS OF A POLYNOMIAL
LHOUSSAIN EL FADIL
Abstract. Jakhar shown that for f(x) = anx
n + an−1x
n−1 + · + a0 (a0 6= 0) is
a polynomial with rational coefficients, if there exists a prime integer p satisfying
νp(an) = 0 and nνp(ai) ≥ (n − i)νp(a0) > 0 for every 0 ≤ i ≤ n − 1, then f(x)
has at most gcd(νp(a0), n) irreducible factors over the field Q of rational numbers
and each irreducible factor has degree at least n/gcd(νp(a0), n). The goal of this
paper is to generalize this criterion in the following context: Let (K, ν) be a rank
one discrete valued field, Rν its valuation ring and Fν its residue field. Assume that
f(x) = φn(x) + an−1(x)φ
n−1(x) + · + a0(x) ∈ Rν [x], with for every i = 0, . . . , n −
1, ai(x) ∈ Rν [x], and a0(x) 6= 0 for some monic polynomial φ ∈ Rν [x] with φ is
irreducible in Fν [x]. If for every 0 ≤ i ≤ n − 1, nνp(ai) ≥ (n − i)νp(a0) > 0, then
f(x) has at most gcd(νp(a0(x)), n) irreducible factors over the field K
h and so over
K and each irreducible factor has degree at least n/gcd(νp(a0), n), where K
h is the
henselization of (K, ν).
1. Introduction
Polynomial factorization over a field is very useful in algebraic number theory (prime
ideal factorization), coding theory (generators of cyclic codes), Galois theory, extension
of valuations, etc. Irreducible polynomials appear naturally in the study of polynomial
factorization and the question of irreducibility of polynomials over henselian fields has
been of interest to many mathematicians (cf. [3, 5, 8, 9, 10, 12]). In 1850, Eisenstein
gave the most popular irreducibility criterion [3]. In 1906, Dumas gave a generalization
to this criterion as follows if f(x) = anx
n + an−1x
n−1 + · · · + a0, with a0 6= 0 is a
polynomial with rational coefficients and if there exists a prime integer p satisfying
νp(an) = 0 and nνp(ai) ≥ (n− i)νp(a0) > 0 for every 0 ≤ i ≤ n−1 and gcd(νp(a0), n) =
1, then f(x) is irreducible over Q [3]. In 2008, R. Brown [1] gave a simple proof of
the most general version of Eisenstein-Schon¨emann irreducibility Criterion. Namely, if
f(x) = φn(x) + an−1(x)φ
n−1(x) + · + a0(x) ∈ Rν [x], with for every i = 0, . . . , n − 1,
ai(x) ∈ Rν [x], deg(ai) <deg(φ), and gcd(ν(a0(x), n) = 1 for some monic polynomial
φ ∈ Rν [x] with φ is irreducible in Fν [x], then f(x) is irreducible over the field K. In
2020, Jakhar relaxes the condition gcd(ν(a0, n) = 1, in the context of φ = x, and
he shown that for a polynomial f(x) = anx
n + an−1x
n−1 + · · · + a0, with rational
coefficients and a0 6= 0, if there exists a prime integer p satisfying νp(an) = 0 and
nνp(ai) ≥ (n− i)νp(a0) > 0 for every 0 ≤ i ≤ n−1, then f(x) has at most gcd(νp(a0, n)
irreducible factors over the field over Q (see [7]). In this paper, we extend both Anuj’s
and Eisenstein-Schon¨emann’s irreducibility criterion [1, 7], as follows that : Let (K, ν)
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be a rank one discrete valued field, Rν its valuation ring, Mν its maximal ideal, and Fν
its residue field. Assume that f(x) = φn(x) + an−1(x)φ
n−1(x) + ·+ a0(x) ∈ Rν [x], with
for every i = 0, . . . , n − 1, ai(x) ∈ Rν [x], and a0(x) 6= 0 for some monic polynomial
φ ∈ Rν [x] with φ is irreducible in Fν [x]. If for every 0 ≤ i ≤ n − 1, nνp(ai) ≥
(n − i)νp(a0) > 0, then f(x) has at most gcd(νp(a0(x)), n) irreducible factors over
the field Kh. In particular, let f(x) ∈ Z[x] be an irreducible polynomial over Q and
L = Q(α) be the number field generated by a complex root α of f(x). Assume that
there exists a prime integer p, with f(x) = φ(x)
n
in Fp[x] for some monic polynomial φ,
whose reduction is irreducible over Fp. Let f(x) = φ
n(x) + an−1(x)φ
n−1(x) + ·+ a0(x)
be the φ-expansion of f(x) satisfying for every i = 0, . . . , n − 1, νp(ai) ≥ νp(a0) − iλ,
with λ = νp(a0)
n
, then f(x) has at most gcd(νp(a0(x)), n) irreducible factors over the
field Qp. In particular, there are at most gcd(νp(a0(x)), n) prime ideal of ZK lying
above p. Our results are illustrated by examples.
2. Notations
As our proof is based on Newton polygon’s techniques, we recall some fundamental
notations and techniques on Newton polygon. For any number field L = Q(α) gener-
ated by a complex root α of a monic irreducible polynomial f(x) ∈ Z[x], in 1894, K.
Hensel developed a powerful approach by showing that the prime ideals of ZL lying
above a prime p are in one-to-one correspondence with irreducible factors of f(x) in
Qp[x], where ZL is the ring of integers of L. For every prime ideal corresponding to any
irreducible factor in Qp[x], the ramification index and the residue degree together are
the same as those of the local field defined by the irreducible factor [10]. This result was
generalized in [11, Proposition 8.2] as follows for a valued field (K, ν) and L = K(α)
a simple algebraic extension generated by α ∈ K a root of a monic irreducible poly-
nomial f(x) ∈ Rν [x], the valuation of L extending ν are in one to one correspondence
with irreducible factors of f(x) in Kh[x]. So, in order to describe all valuations of
L extending ν, we need to factorize the polynomial f(x) into irreducible factors in
Kh[x]. The first step of the factorization is based on Hensel’s lemma. Unfortunately,
the factors provided by Hensel’s lemma are not necessarily irreducible over Kh. The
Newton polygon techniques could refine the factorization. Namely, the theorem of the
product, the theorem of the polygon and the theorem of the residual polynomial say
that we can factorize any factor provided by Hensel’s lemma, with as many sides of the
polygon and as many irreducible factors of each residual polynomial. For more details,
see [6, 12] for Newton polygons over p-adic numbers and [2, 4] for Newton polygons
over rank one discrete valuations. For any monic polynomial φ ∈ Rν [x] whose reduction
modulo Mν is irreducible in Fν [x], let Fφ be the field
Fν [x]
(φ)
.
Let (K, ν) be a rank one discrete valued field, Rν its valuation ring, Mν its maximal
ideal, Fν its residue field, and (K
h, νh) its henselization. By normalization, we can
assume that ν(K∗) = Z and soMν is a principal ideal ofRν generated by an element pi ∈
K satisfying ν(pi) = 1. Let f(x) ∈ Rν [x] be a monic polynomial and assume that f(x)
is a power of φ in Fν [x], with φ is irreducible in Fν [x]. Upon to the Euclidean division
by successive powers of φ, we can expand f(x) as follows f(x) =
∑l
i=0 ai(x)φ(x)
i,
3called the φ-expansion of f(x) (for every i, deg(ai(x)) < deg(φ)). The φ-Newton
polygon of f , denoted by Nφ(f) is lower boundary convex envelop of the set of points
{(i, ν(ai)), i = 0, . . . , n} in the Euclidean plane. For every edge Sj , of the polygon,
let Aj−1 = (ij−1, ν(aij−1)) its initial point and Aj = (ij , ν(aij )) its final point. Let
l(Sj) = ij − ij−1 be its length, h(Sj) = λjl(Sj) its height, and λj =
νp(aij )−νp(aij−1 )
ij−ij−1
∈ Q,
called the slope of Sj. Remark that Nφ(f) is the process of joining the obtained
edges S1, . . . , Sr ordered by the increasing slopes, which can be expressed as Nφ(f) =
S1 + · · · + Sr. The segments S1, . . . , and Sr are called the sides of Nφ(f). For every
side S of the polygon Nφ(f), l(S) is the length of its projection to the x-axis and h(S)
is the length of its projection to the y-axis.
For every side S of Nφ(f), with initial point (s, us) and length l, let d = l/e, called
the degree of S. For every 0 ≤ i ≤ l, we attach the following residual coefficient
ci ∈ Fφ:
ci =


0, if (s+ i, us+i) lies strictly above S or us+i =∞,(
as+i(x)
pus+i
)
(mod (pi, φ(x))), if (s+ i, us+i) lies on S.
where (pi, φ(x)) is the maximal ideal of Rν [x] generated by pi and φ. That means if
(s+ i, us+i) lies on S, then ci =
as+i(β)
pius+i
, where β is a root of φ.
Let λ = −h/e be the slope of S, where h and e are positive coprime integers,
and let d = l/e be the degree of S. Notice that, the points with integer coordinates
lying in S are exactly (s, us), (s + e, us + h), · · · , (s + de, us + dh). Thus, if i is not
a multiple of e, then (s + i, us+i) does not lie in S, and so, ci = 0. Let fS(y) =
t0y
d + t1y
d−1 + · · · + td−1y + td ∈ Fφ[y] be the residual polynomial of f(x) associated
to the side S, where for every i = 0, . . . , d, ti = cie.
Remark. Note that if ν(as+i(x)) = 0 and φ = x, then Fφ = Fν and ci = as+i(mod pi).
Thus this notion of residual coefficient generalizes the reduction modulo a maximal
ideal. If λ = 0, then for every i = 0, . . . , d, (s + i, us+i) lies on S if and only if
ν(as+i(x)) = 0. Thus if λ = 0 and φ = x, then ci = as+i(mod pi) and fS(y) ∈ Fν [y]
coincides with the reduction of f(x) modulo the maximal ideal Mν = (pi).
The theorem of the product and theorem of the polygon play a key role in the proof
(see [4, Lemma 3.1, 3.3, and Th. 3.5]).
3. Main results
Let (K, ν) be a rank one discrete valued field, Rν its valuation ring, Mν its maximal
ideal, Fν its residue field, and (K
h, νh) its henselization. Let f(x) ∈ Rν [x] be a monic
polynomial and assume that f(x) is a power of φ in Fν [x], with φ is irreducible in Fν [x].
According to notations and terminologies of section 2, Eisenstein-Schon¨emann irre-
ducibility Criterion and Jakhar’s criterion could reformulated as follows:
Eisenstein-Schon¨emann irreducibility Criterion:
Let f(x) ∈ Z[x] be a polynomial. If for some prime integer p, f(x) = φ
l
for some
monic polynomial φ ∈ Z[x], whose reduction is irreducible over Fp, and Nφ(f) = S has
4 LHOUSSAIN EL FADIL
a single side of degree d = 1, with respect to φ and ν = νp, then f(x) is irreducible over
Q.
Jakhar’s criterion:
Let f(x) ∈ Z[x] be a polynomial. If for some prime integer p, Nφ(f) = S has a single
side, with respect to φ = x and ν = νp, then f(x) has at most d monic irreducible
factors in Q[x], where d is the degree of S.
Eisenstein-Schon¨emann irreducibility Criterion could be generalized as follows:
Theorem 3.1. ([4, Cor. 3.2])
Let f(x) ∈ Rν [x] be a monic polynomial such that f(x) is a power of φ in Fν [x], with φ
is irreducible in Fν [x]. Let f(x) = φ
n(x)+an−1(x)φ
n−1(x)+·+a0(x) be the φ-expansion
of f(x). If for every i = 0, . . . , n − 1, ν(ai) ≥ ν(a0)− iλ, with λ =
ν(a0)
n
and fS(y) is
irreducible over Fφ, then f(x) is irreducible over K
h.
Jakhar’s irreducibility criterion could be generalized as follows (it relaxes φ = x
required in Jakhar’s criterion).
Theorem 3.2. Let f(x) ∈ Rν [x] be a monic polynomial such that f(x) is a power of φ
in Fν [x], with φ is irreducible in Fν [x]. Let f(x) = φ
n(x) + an−1(x)φ
n−1(x) + ·+ a0(x)
be the φ-expansion of f(x). If for every i = 0, . . . , n − 1, ν(ai) ≥ ν(a0) − iλ, with
λ = ν(a0)
n
, then f(x) has at most gcd(ν(a0(x)), n) irreducible factors over the field K
h
of degree at least em, where e = n/d and deg(φ) = m.
Corollary 3.3. Under the hypothesis of Theorem 3.2, assume that f(x) is irreducible
over K and let L = K(α) be the simple extension generated by α ∈ K a root of f(x).
If for every i = 0, . . . , n − 1, ν(ai) ≥ ν(a0) − iλ, with λ =
ν(a0)
n
, then L has at most
d =gcd(ν(a0(x)), n) distinct valuation of L extending ν.
Corollary 3.4. Under the hypothesis of theorem 3.2, assume that f(x) ∈ Z[x] is
irreducible over Q and let L = Q(α) be the number field generated by α a complex root of
f(x) and f(x) is a power of φ in Fp[x] for some prime integer p and a monic polynomial
φ ∈ Z[x], whose reduction φ is irreducible in Fp[x]. If for every i = 0, . . . , n − 1,
ν(ai) ≥ ν(a0)− iλ, with λ =
ν(a0)
n
, then ZL has at most gcd(νp(a0(x)), n) distinct prime
ideals lying above p, where ZL is the ring of integers of L.
Theorem 3.5. Let f(x) ∈ Rν [x] be a monic polynomial and let f(x) =
∏r
i=1 φi
ni
(x)
be the factorization of f(x) in Fν [x], with every φi ∈ Rν [x] is a monic polynomial. For
every i = 1, . . . , r, let Nφi(f) = Si1 + · · ·+ Sigi be the φi-Newton polygon of f(x). For
every i = 1, . . . , r and j = 1, . . . , gi, let dij =
lij
eij
be the degree of Sij, where lij is the
length of Sij, −
hij
eij
is its slope, hij and eij are two positive coprime integers. Then f(x)
has at most
∑r
i=1
∑gi
j=1 dij irreducible factors over the field K
h and so, over K.
Corollary 3.6. Under the hypothesis of Theorem 3.5, assume that f(x) is irreducible
over K and let L = K(α), where α ∈ K is a root of f(x). Then there at most∑r
i=1
∑gi
j=1 dij distinct valuations of L extending ν.
5Corollary 3.7. Let R be a Dedekind domain with quotient field K and p be a nonzero
prime ideal of R. Let ν be the p-adic valuation of K and f(x) =
∏r
i=1 φi
ni
(x) be the
factorization of f(x) in Fν [x], with every φi ∈ Rν [x] is a monic polynomial. Under the
hypothesis of Corollary 3.5, assume that f(x) is irreducible over K and let L = K(α),
where α ∈ K is a root of f(x). Then there at most
∑r
i=1
∑gi
j=1 dij prime ideals of ZL
lying above p, where ZL is the integral closure of R in L.
4. Proofs
Proof. of of Theorem 3.2. Under the hypothesis of Theorem 3.2, let f(x) = f1(x) ×
· · ·× ft(x) be the factorization of f(x) in K
h[x], with every fi(x) is monic. By Gauss’s
lemma, every fi(x) ∈ Rν [x]. Let i = 1, . . . , t. Since fi(x) divides f(x), then fi(x) =
φli(x) for some natural integer li. The hypothesis of Theorem 3.2, implies that Nφ(f) =
S has a single side of slope −λ. By the theorem of the product [4], for every i = 1, . . . , t,
Nφ(fi) = Si has a single side of slope −λ, S = S1 + · · ·+ St, and fS(y) =
∏t
i=1 fiSi(y)
up to multiply by a non zero element of Fφ. Let λ = h/e, where h and e are two
positive coprime integers. Since the length l(S) = ed and l(S) = n =
∑t
i=1 l(Si) =
e× (d1 + · · ·+ dt), then d = d1 + · · ·+ dt. The fact that di ≥ 1 for every i = 1, . . . , t,
implies that d ≤ t. Fix i = 1, . . . , t. As Nφ(fi) = Si, then fi(x) = φ
li + · · ·+ bi0 is the
φ-expansion of fi(x), with li = die. Thus deg(fi(x)) = medi = mei deg(fiSi(y)). As
deg(fiSi(y)) = di ≥ 1, deg(fi(x)) ≥ me as desired. 
Proof. of Theorem 3.5. Under the hypothesis of Theorem 3.5, by Gauss’s lemma and
Hensel’s lemma, f(x) = f1(x) × · · · × fr(x) in Rνh [x] such that for every i = 1, . . . , r,
fi(x) = φ
li
i (x). Fix i = 1, . . . , r. By theorem of the product and theorem of the polygon
[4], fi(x) =
∏gi
j=1 fij(x) such that for every j = 1, . . . , gi, Nφi(fij) = Sij has single side
of slope −λij = −hij/eij, where hij and eij are two positive coprime integers. By
Theorem 3.2, every fij has at most dij monic irreducible factor in K
h[x], and finally
we get the desired result. 
5. Examples
(1) Let f(x) = φ6 + 24xφ4 + 24φ3 + 15(16x+ 32)φ + 48 and φ ∈ Z[x] be a monic
polynomial whose reduction is irreducible in F2[x]. For p = 2, Nφ(f) = S has a
single side of length l = 6, height H = 4, and so d = 2. By Theorem 3.2, f(x)
has at most 2 irreducible factors in Q2[x].
As fS(y) = y
2+ y+1 is irreducible over F2[x], then for φ = x+m, with m ∈ Z,
fS(y) is irreducible over Fφ ≃ F2. Thus Theorem 3.1, f(x) is irreducible over
Q2. Let L = Q(α) and ZL its ring of integers, where αis a complex root of
f(x). Since f(x) is irreducible over Q2, there is a single prime ideal of ZL lying
above 2.
(2) Let f(x) = φ6+24xφ3+9(16x+32)φ+3(16x+16) and φ = x2 +x+1 ∈ Z[x].
For p = 2, φ is irreducible over F2, Nφ(f) = S has a single side of length l = 6,
height H = 4, and d = 2. By Theorem 3.2, f(x) has at most 2 irreducible
factors in Q2[x].
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(3) Let f(x) = (φ51 + p
3)(φ42 + p
3), with for every i = 1, 2, φi is irreducible over Fp,
and φ1 6= φ2. Then f(x) = φ1
5
φ2
4
in Fp[x]. By combining Hensel’s lemma and
Theorem 3.5, f(x) has exactly two distinct monic irreducible factors in Qp[x].
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